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Abstract. Let k be an algebraically closed field and let TCilb^ (PU) be the open locus 
of the Hilbert scheme Tiilb,i(P^) corresponding to Gorenstein subschemes. We prove that 
Hilb%(F%) is irreducible for d < 9, we characterize geometrically its singularities for d < 8 
and we give some results about them when d = 9 which give some evidence to a conjecture 
, on the nature of the singular points in TLilb^ (Pj^). 
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1. Introduction and notation 



Let k be an algebraically closed field and denote by TCilb p ( t )(¥^) the Hilbert scheme 
parametrizing closed subschemes in with fixed Hilbert polynomial pit) G Q[t}. Since 



A. Grothendieck's proof in [Gr] of the existence of THlb p u)(F^), the problem of finding a 
useful description of this scheme has attracted the interest of many researchers in algebraic 
geometry. 

One of the first, now well known, results in this direction is due to R. Hartshorne who 
proved the connectedness of , Hilb p / t )(^'k) in [Hal]. There have also been studies of some 
loci in the Hilbert scheme. Two of the most notable are the description of the locus of 
codimension 2 arithmetically Cohen-Macaulay subschemes (see [El]) and of the locus of 
codimension 3 arithmetically Gorenstein subschemes (see [MR] and [JK-MR]). 

In the study of punctual Hilbert schemes, the first fundamental result is due to J. 
Fogarty who proved the irreducibility and smoothness of Tiilbdi^^), d e N, when N = 2. 
The same result holds more generally if one considers subschemes of codimension 2 of any 
smooth surface (see [Fo]). 

In [Ial] the author proved that, if d is large with respect to N, Ttilbd(^) is never 
irreducible. Indeed for every d and N there always exists a generically smooth component 
of TLilbd,(Ffr) having dimension dN whose general point corresponds to a reduced set of d 
points but, for d large with respect to N > 2, there is at least one other component whose 
general point corresponds to an irreducible scheme of degree d supported on a single point. 

In view of these earlier works it is reasonable to consider the irreducibility and smooth- 
ness of other naturally occuring loci in Tiilbdi^^)- E.g: one of the loci that has interested 
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us is the set Hilb^(F^) of points in Hilbd{^) representing schemes which are Gorenstein. 
This is an important locus since it includes reduced schemes. 

Some results about HUb^ (P^) are known. E.g. since Tiilb^ (P^) contains all reducible 
schemes of degree d it follows that Tiilb^iV^) contains an open (not necessarily dense) 
subset of Hilbd(f^)- More precisely 7iilb d (Pj^) is actually open since its complement 
in TCilbdi^^) coincides with the projection on Hilb d (F%) locus of point over which the 
relative dualizing sheaf of the universal flat family is not invertible. Another result, part 
of the folklore, gives the irreducibility and smoothness of Hilb^(¥^) when N = 3. We 
provide a proof of this fact in Section 5. In [I-E] and [I-K] it is shown that Hilb^iJ?^) is 
never irreducible for d > 14 and N > 6. 

These results leave open the question of irreducibility for small d and all N > 3. We 
are aware of some scattered results about the existence of singular points on Hilbd{^) 
can be found in [Ka] , [C-N] . One of our principal results on these matters is the following 
theorems proved in Section 5. 

Theorem A. Assume the characteristic of k is p ^ 2,3. The locus Wi/6j(P^) is irre- 
ducible for d < 9. □ 

Very recently, in [C-E-V-V], the authors prove both the irreducibility of Tiilbd(F^) 
when d < 7 and the existence of exactly two components in T-iilbs(V^), N > 4. 

In order to prove Theorem A we need to study deformations of some particular local 
Artinian Gorenstein /c-algebras of degree d < 9 and embedding dimension at least 4. We 
begin the study of such algebras in Section 2 where we fix the notation and recall some 
elementary facts. In the final part of Section 2 and in Sections 3 and 4 we give a complete 
classification of such kind of algebras. 

The problem of classifiying local Artinian /c-algebras is classical. It is completely solved 
for d < 6 (see [Mai], [Ma2], [C-N] when char(/c) > 3) and [Po2] without any restriction 
on the characteristic. When d > 7 it is classically known that such algebras have moduli 
and their parameter spaces have been the object of deep study (again see [Ma2], [I-E] and 
[Pol])- 

Let us now restrict to the Gorenstein /c-algebras. Their classification in degree d = 7 
follows from the result classically proved in [Sa] (see also [C-N]) and, when the charac- 
teristic of k is p = 0, in the more recent paper [E-V]. In degrees d = 8,9 a complete 
classification can be done using, in addition to those papers, also the work [Wa] and [E-I] 
on the classification of nets of conies. 

Then we turn our attention to the singularities of the Hilbert scheme. In Section 5 we 
also prove the following 

Theorem B. If d < 8, then X E Sing(7ii/6^(P^)) if and only if the corresponding scheme 
X has embedding dimension 4 at least at one of its points. □ 

This is no longer true if d = 9. We examine, at the end of Section 5, this case and we 
give a partial result which gives some evidence to a conjeture on Sing(7Yz/6^' sen (P^)) for 
each d. 

In order to prove the above theorem we have to combine on one hand the study the 
hierachy of local Artinian Gorenstein /c-algebras of degree d < 9 and embedding dimension 
at least 4, on the other the properties of the G-fat point X C P^ -2 proved in [C-N]. 
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We would like to express our thanks to A. Conca, A. Geramita, A. Iarrobino and J.O. 
Kleppe for some interesting and helpful suggestions. A particular thank goes to J. Elias 
and G. Valla, who pointed out an incongruence in the results proved in Section 3.1 with 
respect to the more general classification of almost stretched local, Artinian, Gorenstein 
/c-algebras described in [E-V]. 

Notation. In what follows k is an algebraically closed field. We denote its characteristic 
by char(/c). 

Recall that a Cohen-Macaulay local ring R is one for which dim(i?) = depth(.R). If, in 
addition the injective dimension of R is finite then R is called Gorenstein (equivalently, if 
Ext^ (M, R) = for each .R-module M and i > dim(i?)). An arbitrary ring R is called 
Cohen-Macaulay (resp. Gorenstein) if Ryji is Cohen-Macaulay (resp. Gorenstein) for 
every maximal ideal 971 C R. 

All the schemes X are separated and of finite type over k. A scheme X is Cohen- 
Macaulay (resp. Gorenstein) if for each point x E X the ring Ox,x is Cohen-Macaulay 
(resp. Gorenstein) . The scheme X is Gorenstein if and only if it is Cohen-Macaulay and 
its dualizing sheaf ux is invertible. 

For each numerical polynomial pit) G Q[t] of degree at most n we denote by Tiilb p ^ (Pj^ ) 
the Hilbert scheme of closed subschemes of with Hilbert polynomial pit). With abuse 
of notation we will denote by the same symbol both a point in 7iilb p ^iF^) and the 
corresponding subscheme of P^. Moreover we denote by Hilb p ^ (Pj^) the locus of points 
representing Gorenstein schemes. This is an open subset of Hilb p ^(F^), though not 
necessarily dense. 

If X C P^ we will denote by its sheaf of ideals in Ox and we define the normal 
sheaf of X in Pf as Af x ■= Hom x {^x /3 X , O x )- The homog eneous ideal of X is 

Ix := H° (X, Q x (t)) C0if° (Pf , ¥ , it)) =S:= k[x , ...,x N }. 

tei tez 

The ideal Ix is saturated. We define the homogeneous coordinate ring as Sx '■= S/ Ix- We 
have X = proj(5'x) and the embedding X C P^ corresponds to the canonical epimorphism 
S -» Sx- The scheme X is said arithmetically Gorenstein (briefly aG) if Sx is a Gorenstein 
ring. 

2. The locus HUb^F^) 

As explained in the introduction we denote by Hilb^ (P^) C Hilbd(P^) the Gorenstein 
locus, i.e. the locus of points in 7Yz/6d(P^) representing Gorenstein subschemes of P^. 
The locus Hilba(F%) is open, but is not necessarily dense, in Hilbdi^)- 

Reduced schemes obviously represent points in Tiilb^iP^). Clearly the locus of such 
schemes in TiilbdiP^ ) is birational to a suitable open subset of the <i-th symmetric product 
of P^, thus is irreducible of dimension dN (see [Ial]) and we will denote by H.ilb 9 d en '(P^) 
its closure in Hilb d {¥%). It follows that ftz/&J' 9en (Pf) := HUb^F^) n Hilbf n (Pf ) is 
irreducible of dimension dN and open in TLilb ( ^(F^). 
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Let X e Hilb%(W>%). Then X = {J P ^=l X ^ where the X i 

are irreducible and pairwise 

disjoint of degree di, with d = X)f=i di- 

Fix one of such component and call it F. Each such scheme is affine, say Y = spec(A) 
where A is an Artinian, Gorenstein /c-algebra of degree 5, i.e. with dim/- (A) = 6, and 
maximal ideal 971. In order to study our scheme Y, hence A, it is then natural to study A. 

Let the embedding dimension of A, i.e. emdim(A) := dim/ c (9Jt / 9JT 2 ), be at most n < N. 
Then we have a surjective morphism from the symmetric /c-algebra on 971 / 9Jt 2 , which is 
k[yi, . . . , y n ], onto A. Hence we have an isomorphism A = k[yi, . . . , y n ]/I- Assume that Y 
does not intersect the hyperplane { xq = }. Then the embedding Y C corresponds 
to an epimorphism fe[xi, . . . , xn] -» ^[j/i, • • • , Vn\/I- Due to the definition of n such a 
morphism factors through another epimorphism k[xi, . . . , xn] -» k[yi, . . . , y n ], defining a 
subscheme of isomorphic to A£. Its closure Q in is obviously smooth around Y. 

Thus each flat family y C Q x B with special fibre Y lifts to a flat family y C Pf x 5. 
We conclude that if each component of X is smoothable in A£, then X e Ti.ilb^ ,gen (¥^). 

Taking into account Corollary 4.3 of [HK], this holds in particular for schemes which 
are AS in the sense of the following 

Definition 2.1. Let X be a scheme of dimension 0. We say that X is AS (almost solid) 
if the embedding dimension at every point of X is at most three. 

Now we turn our attention to the singular locus of Hilb < ^ ,9en (P^). Let X = |Jf=i x i e 

Hilbf 9en (F%) be as above. Since h°{X,Nx) = 0f =i M Xi ) and h°(X it tf Xi ) > 

diiV, it turns out that X is obstructed if and only if the same is true for at least one of 
the Xi. 

Again, from now on, we will fix our attention on the above irreducible Y = spec(A) e 
Wlbf(P%). Consider the standard sequence 

► 3g > 3y > %Y\Q ► 0, 

where Qy|q Q @q is the sheaf of ideals of Y C Q. Since TLom^N (jF, Oy) — r H,omy{T <E> 
Oy, Oy) for each sheaf T of (9y-modules, then we have the exact sequence 

> A/y|Q ► A/y ► Homy (Sq ® (9y , Oy) — > £z£ y (9fy | Q /^ |Q , Oy ) , 

where A/y|Q := 'Homy {^Y\Q/^y\Q^ Oy). Since Q is locally complete intersection around 
Y we have, in a suitable open neighbourhood U C P^ of F, an exact Koszul complex of 
the form 

whence ® Oy = O®^ -71 . It follows the existence of an exact sequence 

► My\Q ► A/y ► O®^ — ^(Sy| Q /^ |Q ,Oy) 

Since F is Gorenstein £a;£ y (SV|Q/^y|Q; ^V) = 0- Thus, taking cohomology, we obtain 
(2.2) /i° (F, A/y) = /i° (F, My\ Q ) +(N- n)h° (F, Oy) = h° (F, A/y^) + (N - n)S. 
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Since h°(Y,M Y \A%) > nS, it follows that h° (Y, My) > N6. 

In particular the obstructedness of a smoothable X e Hilb d (F^) does not depend on 
its embedding but only on the obstructedness of its irreducible components in the space of 
lower dimension which contains them. Taking into account Proposition 2.2 and Remark 2.3 
of [JK-MR] , we then deduce the unobstructedness of AS Gorenstein schemes of dimension 
0. 

We can summarize the above discussion in the following 

Proposition 2.3. Let char(/c) ^ 2. If X e Hilb d (Pj^) represents an AS scheme, then 
X e Hilb^ 9en (F%) and it is unobstructed. □ 

For the reader's benefit we recall the following well-known 

Corollary 2.4. Let char(fc) ^ 2. If N < 3 then Hilb d (F^) is irreducible and smooth. 

Proof. With the above hypotheses we have Hilb^(F^) = Hilb d ' 9en (F^), which is then 
irreducible. □ 

It is then natural to ask if Hilb d (F^) is irreducible. Or, equivalently, are non-AS 
schemes smoothable, i.e. in Wlb d ' 9en (F%)? 

The answer to this question is in general negative. As pointed out in the introduction, in 
Section 6.2 of [I-K] the authors states the existence of local Artinian, Gorenstein /c-algebras 
A the deformations of which are all of the same type, using a method previously introduced 
in [I-E]: thus such kind of algebras A define an irreducible component in 7YiZ6 14 (P|) distinct 
fvomWlb?i gen (Fi). 

A second natural question is to ask if Sing(Hilb d (F^ )) coincides with the locus of 
non-AS schemes 

When d increases it is the answer to the above question is again negative. E.g. take 
X := spec(A) e Hilb^ 6 (Pj.) , where A := k[xi, X2, £3, x^]/(xl, x\, x%, x%). Thus A is a 
complete intersection, thus it is trivially smoothable, hence it belongs to the component 
7iz/6f 6 ' 5en (P^) which has dimension 64. Being a complete intersection, Mx is locally free, 
thus it is actually free, since X has dimension 0. This means that Mx — C^ 4 ' thus 
h°(XM x ) = 4:h°(X, O x ) = 64, hence X turns out to be unobstructed. 

The object of our paper is to prove the irreducibility of Hilb d (P^ ) and to characterize 
its singular locus , when d < 9. Due to Theorem 2.3 above it is clear that we have to 
focus our attention on non-AS schemes X e Hilb d (Pj^). To this purpose we first look 
at the intrinsic structure of local Artinian, Gorenstein /c-algebras of degree d < 9 and 
emdim(A) > 4. 

Let A be a local Artinian /c-algebra of degree d with maximal ideal 9JI. In general we 
have a filtration 

ADDjiDm 2 D---D?oi e D mr +1 = o 

for some integer e > 1, so that its associated graded algebra 



00 

gr(A) :=0<H79Jf 

i=0 
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is a vector space over k = A/ Wl of finite dimension d = dim k (A) = dim fc (gr(A)) = 
Y^i=o dhnfc(9Jf / We recall the definition of the level of a local, Artinian /c-algebra 

(see [Re], Section 5). 

Definition 2.5. Let A be a local, Artinian /c-algebra. If 9JT e ^ and 9JT e+1 = we define 
the level of A as e and denote it by lev (A). 

If e = lev(A) and n t := dim k (WV / 9JT+ 1 ), < i < e, we define the Hilbert function of 
A as the vector H(A) := (n , . . . , n e ) e N e+1 . 

Notice that some other authors prefer to use maximum socle degree instead of level. 

In any case no = 1. Recall that the Gorenstein condition is equivalent to saying that the 
socle Soc(A) := 0: Wl of A is a vector space over k = A/ 9JI of dimension 1. If e = lev (A) > 1 
trivially C Soc(A), hence if A is Gorenstein then equality must hold and n e = 1, thus 
if emdim(A) > 2 we deduce that lev (A) > 2 and deg(A) > emdim(A) + 2. 

In particular, taking into account of Sections 5F.i.a, 5F.i.c and 5F.ii.a of [Ia3] (see also 
[Ia2]), the list of all possible shapes of Hilbert functions of local, Artinian, Gorenstein 
/c-algebra A with emdim(A) > 4 of degree 7 is 

(2.6) (1,4,1,1), (1,5,1), 
in degree d = 8 is 

(2.7) (1,4,1,1,1), (1,5,1,1), (1,6,1), (1,4,2,1), 
in degree d = 9 is 

(2.8) (1,4,1,1,1,1), (1,5,1,1,1), (1,6,1,1), (1,7,1), (1,4,2,1,1), (1,4,3,1). 

All the sequences in (2.6), (2.7) and (2.8) above actually occur as Hilbert functions of a 
local, Artinian, Gorenstein /c-algebra. They can be divided into three different families 
according to dimk(Tl 2 / 97t 3 ) 

When dim k (m 2 / m 3 ) = 1 the above sequences completely characterize the algebra if 
char(/c) ^ 2 (see [Sa]. Another proof can be found in [C-N]: in the proof we need only 
that 2 is invertible in k), since for a local, Artinian /c-algebra A of degree d > n + 2, one 
has H(A) = (1, n, 1, . . . , 1) if and only if A = A n ^ where 

A n ^d - = k[Xl, . . . , X n \j (X{Xj, Xfr X-y , X-y ) l<i<j<n, . 

2<.h<.n 

Remark 2.9. In order to describe Hilb^ (P^), it is interesting to notice that the algebra 
A Ujd is a flat specialization of the simpler algebra A n ^ d _i © A ,i, for each d > n + 2 > 4. 
Indeed in k[b, xi, . . . , x n ] we have 

J . ( tZ> j^X j , X \)X -y X-y , X y )l<i<J<n, 

(2 9) 2<h<n 

= (xi + b, x 2 , ■ ■ -,x n ) n (xiXj, x\ - bx d y~ n ~ x , Xy~ n ) i<i<j< n , , 

2 < h < n 

for each d > n + 2 > 4. Thus A n ,d '■= k[b,x\, . . . ,x n ]/ J — > A^, is a flat family having 
special fibre over 6 = isomorphic to A n ^ and general fibre isomorphic to A n ^-i © ^4o,i- 
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In the next two sections we will classify the two remaining cases. More precisely in 
Section 4we deal with the case dim fc (9Jt 2 /mt 3 ) = 2, i.e. H(A) = (1, n, 2, 1, . . . , 1), n > 2. 
We obtain the same results proved in [E-V] under the restrictive hypothesis char(/c) = 0. 
Finally, in Section 5, we will examine the remaining case, namely dim/ c (97t 2 / 97t 3 ) = 3, i.e. 
H(A) = (l,n,3,l), n > 3. 

3. k- Algebras with Hilbert function (1, n, 2, 1, . . . , 1) 

Let A be a local, Artinian, Gorenstein /c-algebra with H(A) = (1, n, 2, 1, . . . , 1) where 
n > 2. The level, e := lev(A), is then equal to d—n—1 > 3 and we will assume in this section 
that char(/c) > e > 3. Consider generators a±, . . . ,a n G 9K. From dim fc (9Jt 2 / 9JT 3 ) = 2 and 
9Jt 2 = (ajaj)i,j=i,...,n) if aia 2 G 9J1 2 \9Jt 3 , from (ai + a 2 ) 2 = a 2 + 2aia 2 + a 2 , then at least 
one among (ai + a 2 ) 2 , of, a 2 is not in 9Jt 3 . Thus, up to a linear change of the minimal 
generators of 9Jt, we can always assume that a\ G 9Tt 2 \ 9Jt 3 , hence the following three cases 
are possible for 9Jt 2 : 

(af,aia 2 ), (a 2 , a 2 ,), (a 2 ,a 2 a 3 ). 

Let us examine the last case which occurs only if n > 3. As above, since (a 2 + a%) 2 = 
a\ + 2a 2 a3 + a 2 , it follows again, at least one among (a 2 + as) 2 , a 2 , a 2 is not in (a 2 ), i.e. 
we can finally assume 9Jt 2 = (a 2 , a 2 .) in this case, for a suitable set of minimal generators 
of Tl. 

It follows the existence of a non-trivial relation of the form a\a\ +a 2 a| +aaia 2 G 9Jt 3 , 
where «i, a 2 , a G C A. The first member of the above relation can be interpreted as the 
defining polynomial of a single quadric Q in the projective space P(V) associated to the 
subspace V C 9Tt / 9)T 2 generated by the classes of ai, a 2 . Such a quadric has rank either 2 
or 1. 

3.1. The case rk(Q) = 2. In the second case, again via a suitable linear transformation 
in V we can assume aia 2 G 9Jt 3 , thus DJl h = (a l7 o 2 ), for each h > 2. In particular, possibly 
interchanging ai and a 2 , we can assume ^ 0. Thus we obtain both Wl h = (af ), /i > 3 
and the relations 

(3.1.1) c^a, = ajja 2 + a^a 2 + a^ja 3 , z, j > 1, 

where a itj = J2h=oPi,j a i + Pi,j a i~ 3 , a i,j> Phi e fc > a %j = a hJ = a J," a ii = 

a 2,2 = 1 an d «i i = = «i )2 = a 2 )2 = « 2j2 = «2,2 = 0. 

Via a 2 I— > a 2 + «i i2 a 2 we can assume 

(3.1.2) ai a 2 = 0, 
i.e. «i i2 = 0. 

Again via cij i— > aj+a{ jJ ai+a| )J a 2 +ai i ja 2 , j > 3, we can assume aj; ■ = ctij = 
and en 2 , ■ = 0, j ^ 2. In particular a 2 aj = a 2 ajO,- = 0, j ^ 3. Explicitely aiOj 
j > 2, and a 2 aj = a 2 a 2 + «2,j« 3 , i > 2. 
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Moreover a\ = YTi=zl J 'i a ii A** e ^> then J2i=3 l x i (X i rl = a i a 2 = 0' thus (ii = 0, i = 

3, . . . , e — 1, whence a| = If /z e = then a| G Soc(A) \ 97l e . Up to multiplying a± we 
can thus assume 

(3.1.3) al-al = 0. 

If n = 2 we have finished so, from now on, we will assume n > 3. 

Since ,j = 0? 3 2, it follows of -a| = (^(a^a.,) = a^diaj = (a^a,,)^ = 0, 7^ 
(2, 2), whence a?^ = 0, (i, j) ^ (2, 2), thus 

(3.1.4) aiaj- = 0. j ^ 1- 

Moreover a* -af -fa^af = (aiCij)ai = aiaiCij = (aicij)ai = 0, thus a* • = and necessarily 
dij = I3i ) j(i\~' i . Recall that fiij = $2,2 = 0. 

Let y := y + Yn=i Vi a i + Vn+ial + y n+2 al + Y%=3 Vn+ha\ G Soc(A), y h G k. Then the 
conditions ajy = 0, j = 1, . . . , n, become 

yod! + yia\ + y n+ ia\ + J2h=\ Vn+ha^ 1 = 0, 
y a 2 + y 2 al + (EIU Vifa,i) a l + Vn+2af = 0, 
y aj + y 2 P2,jal + (EL3 ViPij) a l = °- 3 ^ 3 

It is clear that y = y x = y 2 = y n+ i = y n+3 = ■■■ = y n +e-i = and YJi=zViPi,j = ° 5 
j > 3. If the symmetric matrix B := (Pi,j) i j >3 is singular then it would be easy to find 
y G Soc(A) \ 9JT 6 . We conclude that we can make a linear change on 03, . . . , a n in such a 
way that 

(3.1.5) aidj = Sijal, i,j > 3. 

Now we finally have a^aj = 7jaf : via ci2 1— > ci2 + Ej=3 lj a j we a ^ so obtain 

(3.1.6) CL2CLj =0, j > 3. 

Combining Equalities (3.1.2), (3.1.3), (3.1.4), (3.1.5) and (3.1.6), we obtain the isomor- 
phism A = A 2 n2 d where 

2 d := M-El) • • • ' x n]/ ( x l x 2i x 2 x l > x i x ji x h > ) 1 <*<J<™. 3<i • 

Z<h<n 

3.2. The case rk(Q) = 1. In the first case, via a suitable linear transformation in V 
we can assume a\ = a = 0, a 2 = 1 in the above relation, i.e. a\ G 9Jt 3 , thus OJl' 1 = 
(a^a^V), ft > 2. In particular Wl e = (a e 1 ,a e 1 ~ 1 a 2 ) and a\~ l a\ = 0, t > 2. If af = then 
a i _la 2 7^ 0, hence (ai + a2) e = + ea^ _1 a2 7^ 0, hence the linear change a\ 1— > ai + a2 
allows us to assume both OJl' 1 = (a^ 1 ), h > 3, and the relations 

(3.2.1) a^aj = a^a^ + a^ J aia 2 + ctjjaf , z, j > 1, 
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where a itj = ELo Pi,j a i + Pi,j a l 3 > a i,j>Pi,j>Pi,j e fc > a i,j = a j,i> a ^ = a i.*' a M = 
a\ 2 = 1 and ol\ x = a 1A = a\ 2 = a lj2 = ol\ 2 = a\ 2 = 0. 

Via the transformation cij i— > cij + aj^ai + a^ja 2 + a i,j a 1 we can assume 

(3.2.2) ai aj = j >S. 

Moreover of 02 = Ei=3 A*i a i e where G fc. 

From now on we will assume e > 4 and we will came back to the case e = 3 later 
on. Since e > 4, it follows a^ _1 a2 = {a\a 2 )a\~ 3 = nza\. On the other hand n^af = 
/X3<zf - a 2 = a\~ (of 02)02 = a{~ a\ = 0, whence ^3 = 0. Via 02 1— > 02 + Ylt=4 ^i a \~ we 
obtain 

(3.2.3) ofo 2 = 0. 

Since a\ G DJl 3 , we have a 2 = Eh,=3 7/i a i- Assume that 7^ = 0, h < t. Then 7 t af = 
a\~ f a 2 = al~ t ~ 2 (ala2)a2 = 0. It follows that 7^ = 0, h < e — 2, thus a| = 7 e _ia'[~ 1 +7 e af . 
If 7 e _i = then 0102 G Soc(A) \97t e , a contradiction, since A Gorenstein implies Soc(A) = 
9Jt e . Thus 7e-i 7^ 0, hence we can find a square root it of 7 e -i + 7 e ai and via 02 1— > WO2 
we finally obtain 

(3.2.4) a| - of 1 = 0. 

If n = 2 we have finished so, from now on, we will assume n > 3. 

Equalities (3.2.2) and (3.2.3) yield ajjaf + ctijcif = 01(0^0^) = 010^0^(010^)0^ = 0, 
^ (1, 1), (1, 2), (2, 2), thus a] j = and a id = ^ = 0, h = 0, . . . , e - 4. Moreover 
Equalities (3.2.2), (3.2.3) and (3.2.4) imply af^of = oc\^a\a\ = a 2 {aiaj) = (a 2 ai)cij = 0, 
(i, j) ^ (1, 1), (1, 2), (2, 2), whence = too.' 

Let y :=y + Yn=i Vi^ + Vn+iaj + y n +2aia 2 + Yl=z Vn+h,aX e Soc(A), y h G fc. Then 
the conditions ajy = 0, j = 1, . . . , n, become 

{y ai + yi af + 2/ 2 aia 2 + y n +ia? + E/i=3 yn+^ai +1 = 0, 
Voa 2 + yiaia 2 + y^l' 1 + (EIL3 ViPi.i) af + 2/n+2af = 0, 

It is clear that y = y\ = y 2 = y n+1 = y n+3 = ■■■ = y n + e -\ = and Y17=3 ViPi,j = °> 
j > 3. If the symmetric matrix B := (Pi,j) i j >3 is singular, again Soc(A) 7^ DJl e . We 
conclude that there exists P G GL n _ 3 (/c) such that t PBP = J n _ 3 is the identity. This 
matrix corresponds to a linear change of the generators 03,..., a n which allows us to 
assume 

(3.2.5) didj = Sijal, i,j>S. 

At this point we have 020^ = t^-af. Via 02 1— > a 2 /^+J27=3 Vi^i a i we finally obtain 020j = 0, 
j > 3, and a\ = o^ _1 + Aaf for a suitable A G A. Let t> be a square root of 1 + Aai. Then 
via 02 1— > t>02 we finally obtain again Equality (3.2.4) and also 

(3.2.6) a 2 aj =0, j > 3. 
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If e = 3 then a\a 2 = ^af, a \ = ^af. If jU 3 = then aia 2 G Soc(A) \ 97l e , thus 
up to multiplying a 2 by a suitable square root of /U e , we can assume fx e = 1. Via a 2 1— > 
«2 + ^2,2^1/2 we finally obtain 

(3.2.7) afa 2 - a? = = 0. 

If n = 2 we have finished. Otherwise, if n > 3, we can repeat word by word the discussion 
above and we finally obtain Equalities (3.2.5) and (3.2.6) with A = 0. 

In particular, combining Equalities (3.2.2), (3.2.3), (3.2.4), (3.2.5), (3.2.6) and (3.2.7), 
we obtain the isomorphism A = A\ 2 d := k[x±, . . . , x n ]/I where 



ix\x 2 — xf, x 2 , XiXj, x h — xf : xf) i<i<j<n, 3<j if d = n + 4, 

3 < h < n 

(x\x2, x\ - xf~ n ~ 2 , XiXj, x\ - x d 1 ~ n ~ 1 , xf~ n ) i<i<j< n , 3 <j if d > n + 5. 



It is natural to investigate if we have determined non-isomorphic algebras (see Propo- 
sition 4.5 of [C-N]). 

Proposition 3.3. The algebras A\ 2 d and A 2 n 2 d are non-isomorphic. 

Proof. Set I h be the ideal generated by { u G A% 2 d \ u 2 G DJl e }. Then Yn=i ^i^l € h if 
and only if 

n n 

XiXjXiTj = X\x\ + Xi\ 2 x 1 x 2 + Xpcl + ^2 ^1%! e • 

i,j = l i=3 

This is equivalent to Aj = 0, i < h. In particular 1^ = (xh+i, ■ ■ ■ ,x n ), hence dim/ c (/^(g)/c) = 
n — h. 

If 2d~ 2 d then the ideals I\ and ^2 would correspond each other in this isomor- 
phism, hence such dimension should coincide. □ 

Remark 3.4- As showed for A n> d, also the algebras A\ 2 d are flat specialization of easier 
algebras. Indeed take for h = 2 

J l — — (^X\ X 2 , X 2 ^ X-^ i X ^X j i X ^ ^ X-^ ) i<i<^, — — 

3<j<n,i^j 
3<h<n 

= (xi +b,x 2 ,..., x n ) n (xix 2 , £ 2 - bxf~ n ~ 2 , X{Xj, x\ - bxf~ n ~ 2 , xf~ n_1 ) i<i< n , . 

3<j<n,i=£j 
3<h<n 

Thus A := k[b, x±, . . . , x n ]/J — > is a flat family having special fibre over 6 = isomor- 
phic to A 2 n 2 d and general fibre isomorphic to A 2 n 2 d _ x © Ao,i if e > 4 and A n ^ n+ ^ © Ao,i 
if cZ — n — l = e = 3. 

Finally consider the case of the /c-algebras A\ 2 d . Then let us consider the ideal J 
defined as 

{bx\x 2 + x ± , x x x 2 + bx\ X y , X jXi j , 3j X X -yj 1 < z < ti , 

3<j<n,i^j 
3<h<n 
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if d = n + 4 (i.e. e = 3), and 

(bX!X 2 + x\- xf~ n ~ 2 , bxl - 6xf" n_1 + X?X 2 , XiXj,x\ - x\~ n ~ X , X^~ n ) i<i<„, 

3<j<n,i=£j 
3<h<n 

if d > n + 5 (i.e. e > 4). In this case A := xi, . . . , x n ]/J — > A£ is a flat family of local 
Artinian, Gorenstein /c-algebras with constant Hilbert function H(Ab) = (1, n, 2, 1, . . . , 1). 
For 6 = we have trivially „4o — ^ 2 d- For general 7^ the algebra Ab is again local 
and Gorenstein, thus it must be either A\ 2 d or 2 d . 

In any case we have the relations &X1X2 + x\ G 9J1 3 (if d = n + 4) or 6x1X2 + x\ G 97T 3 
(if d > n + 5) in ^.5, thus, computing the invariant dimfc(i/j <g> fc) defined in the proof of 
Proposition 3.3 in these cases, we finally obtain Ab = A 2 n2d for general b 7^ 0. 

4. /c-Algebras with Hilbert functions (l,n, 3, 1) 

Let 9K = (ai, a2, 03, ... , a n ). As in the previous section, one can always assume that 
9K 2 = (al, a 2 , a\). Thus we have three linearly independent relations of the form 

(4.1) a\a\ + a2(i 2 + ct^a 2 , + 20-10203 + 2572aia3 + 2d73aia2 G 9Jt 3 , 

where (Xi,aj G k C A, i,j = 1,2,3, and hence a net Af of conies in the projective space 
P(V), associated to the subspace V C 9JI j 9J1 2 generated by the classes of ai, 02, 03. Let 
A be the discriminant curve of A/" in P(V). Then A is a plane cubic and the classification 
of Af depends on the structure of A as explained in [Wa] . 

We stress that the classification described in [Wa] in the case complex case, holds as 
soon as the base field k is an algebraically closed field with char(/c) 7^ 2, 3. 

4.2 The case of integral A. Let A be irreducible. Then, taking into account the results 
proved in [Wa], we obtain that Relations (4.1) above become ai<22 + a§, aia3, a 2 — 6pa| + 
qa 2 G 9Jt 3 , where p,q G k. In particular 

2 2 2 2 3 n 

a ± a2 = a ± a3 = 010203 = aia 3 = a 2 as = a 3 = L), 

(4.2.1) 

a 2«3 = — ciia 2 = qci{, a 2 = —opqa]^, 

thus Wl 2 = (a\,a 2 , (12(13) and 9Jt 3 = (af). Relation (4.2) thus become 

ai a 2 = -a§ + Pi, 2 al, 0103 = £1,301, a 2 2 = a\ 2 a\ + a|,2 a 3 + /32,2a?, 

where a^-, A,j e "2,2 = ~9» "2,2 = 6 P- 
In general, we have relations of the form 

(4.2.2) (naj = ajjaj + a^a 2 a 3 + a 3 ^ag + Pijaf, i > 1, j > 4, 

where the a:^ /^j G are as above and ■ = a^, = 

Via (a 2 , a 3 ) h-> (a 2 + £1,20?, a 3 + /9i,3a?), we can assume /?i j2 = ft ,3 = 0. 
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If a\ 2 = then a 2 a 3 G Soc(A) \ 9Jt 3 , a contradiction. Let u be a fourth root of 
/?2,2«i — a 2,2- Via (02,03) l—> (u 2 a2,uas) then we can assume a 22 = — 1 an d /?2,2 = 0, 
whence 

(4.2.3) aia,2 = — o 3 , 0103 = 0, a 2 = _a i + aa 3> 
where a := a 22 . 

If n = 3 we have finished, thus we will assume n > 4 from now on. Via cij ^ cij + 

a\ ,jai + Pijal + a 2j a s + f3 2 jal + alja 2 + /33,j0203, we can assume a\j = fiij = a 2 j = 

foj = alj = fa =0, j>4. 

Since a\a^ = 0, it follows af 5j a 2 a| = (aiOj)a 3 = 010307 = (030^)01 = ct^af, thus 
a± j = Oi^ j = 0, j > 4. Since aiCb2Cbj = —a^aj = (a3Cij)a3 = 0, we have a\ ^0203 = 
{a\aj)a2 = a±a2aj = (020,7)01 = ct^-of, thus a\ • = a;^ • = 0, j > 4. Moreover = 
(a 2 Oj)a3 = 02O30.; = (030^)02 = a3 5j a 2 a|, thus ag ■ = 0, j > 4. Finally = a 2 cij = 
(a2dj)a2 = a2j°2 a 3) thus CK3 „• = 0, j > 4. We conclude that a\dj = a 2 Oj = a^aj = 0, 
j>4. ' * ' 

It follows that = {a\a,i)aj = (aiCij)ai = ajjaf, = (a 2 Oi)oj = (oiOj)a 2 = af J a2a|, 
= (a2,ai)aj = (aiaj)as = afjO^al, thus OjOj = A^af, i,j > 4. 

Let y := y + Y.7=i + !/«+i a i + 2/n+2a 2 a 3 +y n+3 a§ +y n +4a? G Soc(A), y/, G fc. Then 
the conditions ajy = 0, j = 1, . . . , n, become 

' 2/oai + 2/1 a? - 2/203 + 2/n+io? = 0, 
2/oo 2 - 2/1 a§ + 2/2«al + 2/20i _1 + 2/30 2 a 3 + 2/n+30? = 0, 
2/0O3 + 2/20203 + 2/303 + 2/n+2af = 0, 

, 2/oOj + (EIL4 Vi0i,j) a l = °> J ^ 4 - 

It is clear that y = 2/i = 2/2 = 2/3 = 2/n+i = 2/n+3 = and £)? =4 ViPij = ®> 3 > 4 - If the 
symmetric matrix B := (A,j) i ,-> 4 would be singular again Soc(A) 7^ 9JT. We conclude 
that we can make a linear change on 04, . . . , a n in such a way that 

(4.2.4) o^ = o^of, i,j>4. 
Combining Equalities (4.2.2), (4.2.3) and (4.2.4) we obtain 

A = A n 3 n _i_5 - = , . . . , Xji\ j \x\X2 ~\~ 3^3 , X1X3 , X 2 (XX 3 -|- Xj, XiXj , -^l) i<i<j<«, 4<j . 

' ' 4<h<n 

Let i 2 = — 1: we finally notice that via (02,03) 1— > (—02,^3) we can identify the two 
cases ±a. 

4.3. The case of non— integral A. In this case we have an easy classification described 
in [Wa] for the possible Relations (4.2). 
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4.3.1. The cases D and E. In case D Relations (4.1) become a\ , a 2 , a\ + 2pa\a 2 G 9Jt 3 
where p = 1 in case D and p = in case E. In particular 

/\ O 00 O 

(4.3.1.1) 0^02 = aia 2 = 0^03 = aia 3 = a 2 a3 = a2a 3 = 0, 

thus DJl 2 = (aia 2 , a\a3, a 2 as) and 9Jt 3 = (aia2a3) and Relation (4.1) become 

a\ = /?i,iaia 2 a 3 , a 2 = /3 2)2 aia2a3, a 3 = -2paia 2 + /32,2aia 2 as, 
where fyj G k. 

Via (ai,a 2 ,a 3 ) h-> (ai + /3i,ia 2 a 3 /2, a 2 + /#2,2aia 3 /2, a 3 + /3 3i3 aia 2 /2) we can assume 
= /3 2 ,2 = Ps,3 = 0. In general, we have relations of the form 

(4.3.1.2) ctidj = a\ ja\a 2 + a^aia^ + a 3 J a 2 a 3 + Pija^as, i > 1, j > 4, 

where a^-, G fc, a^- = a^, fyj = f3j :i . Via a, h-> + a{ J a 2 + af ja 3 + a 2j ai + 
Pi j 0,20,3 + /3 2 ,jflifl3 + P3,jO,ia 2 we can assume also that a} • = af • = a 2 j = A,j = 02,j = 
/3 3j - = 0,j>4. 

Since af = 0, we have = (af)aj = (aiOj)ai = a\ jaia 2 a3, hence a\ ■ = 0, j > 4. 
Similarly, since a| = we also obtain a 2 „■ = 0, j > 4. Since aia^ = 0, we have = 
(aiOj)^ = (a^,aj)ai = J aia 2 a3, h = 2, 3, hence a 2 j - = a 3j - = 0, j > 4. Similarly, 
looking at a 2 a^aj, we also infer a\ ■ = 0. Finally = — 2(a 2 aj)ai = (— 2paia2)aj = 
a§aj = CK3 ,aia 2 a 3 , thus a 3 ■ = 0, j > 4. We conclude that aiOj = a 2 cij = a^aj = 0, j > 4. 

As in the previous case, it follows that = (aia^cij = (oiOj)ai = 0^010203, = 
(a 2 a,i)aj = (aiCij)a 2 = af jaia 2 as, = {a^a^aj = {a^a^a^ = aj ,aia 2 a 3 , thus a^ay = 
Ajaia 2 a 3 , i,j > 4. 

Let 2/ := 2/o + Z)ILi + Vn+iaia 2 + y n +2aia 3 + 2/71+30203 + 2/n+4aia 2 a 3 G Soc(A), 
y/,, G fc. Then the conditions ajy = 0, j = 1, . . . , n, become 

' Voai + y2a\(i 2 + 2/3^1^3 + yn+3«ia 2 a 3 = 0, 
^ 2/o«2 + yiaia 2 + y3a 2 a 3 + y n +2aia 2 a 3 = 0, 

2/003 + yiaia 3 + y 2 a 2 a 3 - yzpaia 2 + y n +iaia 2 as = 0, 
, yoaj + (Er=4 ViPij) aia 2 a^ = 0, j > 4. 

It is clear that 2/0 = 2/1=2/2 = 2/3= 2/n+3 = and X^=4 = 0, j > 4. Again, if the 

symmetric matrix B := (A,j)jj> 4 would be singular, then Soc(A) 7^ 9Jl e . We conclude 
that we can make a linear change on 04, . . . , a n in such a way that 

(4.3.1.3) didj = 5ijaia 2 a 3 , i,j > 4. 
Combining Equalities (4.3.1.1), (4.3.1.2) and (4.3.1.3) we get 

A — A n~3d := k i X li ■ ■ ■ , x n]/(xl,xl,xl + 2pX 1 X 2 , XiXj, x\ - XxX^s) i<i<j< n , i<j ■ 

5 5 4 < h. < n 
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4.3.2. The case E* . In this case our Relations (4.1) become aia 3 , a 2 a 3 , a| + 2aia 2 G 9Jt 3 . 
In particular 9Jt 2 = (of, a|, a 3 ) and we have 

ai£i3 = aia 2 a 3 = aia 3 = a 2 a3 = a 2 a 3 = a 1 a,2 = a\a 2 = a 3 = 0, 

thus we can always assume 9J1 3 = (af), whence 

ai a 3 = /3i )3 o? , a 2 a 3 = fa$a\, a x a 2 = P\$a\ . 

where /^j G fc. 

In general, we have relations of the form 

= + a lj a l + a i,j a i + Pi,j a i, i > 1, j > 4, 

where a^- G fc, A,j = «^ = a) { . 

Let = XhO-l for some A/j G k, h = 2, 3. If /i 2 = 0, then G Soc(A) \ 9JT: similarly if 
Us = 0. It follows that we can always assume /U 2 = /U 3 = 1. Thus via a 3 i— > a 3 + /3 2 , 3 a| we 
also have /3 2j3 = 0. Hence we have 

(4.3.2.1) aia 2 = 0, aia 3 = 0, a 2 a 3 = 0, a 2 = a 3 , a 3 = a 3 . 

Since = (aiah)cij = (ahCij)ai = a\ af, /i = 2, 3, we obtain a^j = ct^j = 0. Thus via 
cij i— > a,- + aj^ai + a 2 j a 2 + CK3 -a 3 + Pi,jO>i + /^j^i + /^3,j a i we can assume a\ ■ = a 2 , ■ = 
= = Azj = /3 3)J =0. 

Since = (aia/Ja,- = (aiaj)cih = ct^af, we have ■ =0, /i = 2,3. Similarly, since 
a 2 a 3 aj = 0, one also obtain a 3 , ,7 = ^ij = 0, thus a^a,- = 0, i = 1,2,3, j > 4. It follows 
that = (aiai)a,j = (aiCij)ai = a\ -af , = (a^a^a.,- = (aiCij)ah = a^af, h = 2, 3, thus 
ciiCij = fiijal, ij > 4. 

Let y := y + £"=1 + 2/ n +ia 2 + Vn+ia\ + z/ n +3a 3 + Vn+^al G Soc(A), G k. Then 
the conditions Oj-y = 0, j = 1, . . . , n, become 

' yoci! + y\a\ + y n+1 al = 0, 

2/0^2 + 2/2^2 + 2/n+2ai = 0, 

yoa 3 + 2/3^3 + 2/n+ 3 a? = 0, 
, + (EIU 2/iA,j) a i = °> i > 4- 

and we deduce as in the previous cases that we can make a linear change on 04,...,a n in 
such a way that 

(4.3.2.2) aittj = 5 i:j al 7 i,j > 4. 
Combining Equalities (4.3.2.1) and (4.3.2.2) we obtain 

^ — ^n' 3 ,n+5 '■= k[x\, . . . , X n ]/(x\ — x\ , x\ — x\,XiXj, x\ — x\) i^i<j<n . 

' ' 4- < h < n. 
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When n = 3, the well-known structure theorem for Gorenstein local rings, proved in [B-E], 
guarantees that (xiXj,x\ — x\) i<i<,<z is minimally generated by the 4x4 pfaffians of a 

suitable 5x5 skew-symmetric matrix M. E.g. one may take 
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4.3.3. The case 67*. In this case our Relations (4.1) become af,aia2,a 2 a 3 G DJl 3 . In 
particular 9Jt 2 = (a 3 , a 2 , aia 3 ) and we have 

3 2 2 2 2 2 n 

= a 1 a,2 = a 1 a 3 = aia 2 a 3 = aia 3 = a 2 a 3 = a 2 a 3 = U. 
We also have relations 

a i a i = a\ja\ + aljaj + a^aia 3 + >ji, j7 i > 1, j > 4, 

where 7^ G 9Jt 3 , a£ ■ G fc, a^j = Oij^, a^j = a^. 

If aia 3 = a 3 = then a 3 G Soc(A) \ 9Jt 3 . If a 3 = 0, then via a 3 i— > a 3 + Aai, we obtain 
a 3 . Thus we can always assume 9Jt 3 = (a 3 ), whence 7^ = A,j a l? where G fc. In 
particular 

(4.3.3.1) a\ = filial, aia 2 = fii,2<4, a 2 a 3 = /? 2 , 3 a 3 . 

Let a 3 = /Uia 3 , aia 3 = /U 2 a 3 . If fJL\ = 0, then a 2 G Soc(A) \ 9J1 3 . If \i2 = 0, then 
aia 3 G Soc(A) \ 9Jt 3 . Thus we can assume [i\ = /i 2 = 1. It follows that, via (ai,a 2 ) i— > 
(ai + /?i j ia§/2 + /3i, 2 a 2 /2, a 2 + /3 2 , 3 a 3 ), we obtain /^i = (3 1;3 = (3 2 , 3 = 0. 

Since = (a\ah)a,j = (a^aj)ai = a\ a 3 , /i = 2, 3, we obtain o^j = a 3 j = 0. Thus via 
cij I— > a, + -ai + a 2j a 2 + 0:3 -03 + Pi,jO>i + &i,i&2 + /33,j-a 3 we can assume ■ = a^j = 
a l,j = = fo j = p3,j =0. 

Since = (aia^aj = (a\aj)ah = a^ja 3 , it follows a\ ■ = 0, /i = 1,2. Similarly 
= (aia 2 )oj = (a 2 aj)ai = ^a 3 , then a 2 • = 0. Since a 2 a 3 aj = 0, one also obtain 
en 3 , j = = 0. Finally a 3 ;J a 3 = (aia4)a 3 = (a 3 a4)ai = a 3 4 a 3 , whence a 3 ■ = a 3 4 . 

Via a-,- h-> a,- + af ,,a 3 + /3i,ja 3 + a 2 , ^a 2 + /^.ja 2 , + a 3;J ai + (/3 3)J - - Pi,j)aia 3 ), we finally 
obtain aiCij = 0, z = 1,2,3, j > 4. It follows that = (ahCii)cij = (aiCij)ah = a^ja 3 , thus 
aittj = Pi :j al, ij > 4. 

Let y := y + J27=i Vi a i + Vn+ia 3 + y n+2 al + y n+3 a 1 a 3 +y n+4 al G Soc(A), y h G k. Then 
the conditions ajy = 0, j = 1, . . . , n, become 

' y ai + y 3 aia 3 + y n +ia 3 = 0, 
2/0^2 + V2a\ + Vn+2a 3 = 0, 
Voa 3 + yiaxa 3 + y 3 a\ + y n+ ia| + y n+3 a| = 0, 

, Voa-j + (Er=4 ViM a i = °> 3> 4 - 
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and we deduce as in the previous cases that we can make a linear change on 04,...,o„ in 
such a way that 

(4.3.3.2) ciiCij = Sijal, i,j > 4. 

Combining Equalities (4.3.3.1) and (4.3.3.2) we obtain 

a r^j /<5,0 _ t r i // 2 3 3 2 3 2 3\ 

Ji — A n 3 n , 5 '.— K[Xl, . . . , X n \/ \Xi, X\X 2 , X2X3, X2—X s ,XiX s —X s , X{Xj, X h ~X 3 ) i<i<j< n , 4<j . 

' 1 4</i<n 

When n = 3, the ideal defining A^° 3 8 is generated by the 4x4 pfaffians of 
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4.3.4. The case H. In this case our Relations (4.1) become a\ , aia 2 , 2aia 3 + a| G 9Jt 3 . 
In particular 9Jt 2 = (a 2 ., a 2 , a 2 a 3 ) and we have 

= a x a 2 = a-^as = a\a 2 = a 2 = 0. 

Moreover a\a 3 = 2aia|. 

If aia| = 0, then 0103 G Soc(A) \ 9Jt 3 . Thus we can assume 9Jt 3 = (aia 2 ), whence 

(4.3.4.1) a\ = fii^aial, aia 2 = /5i, 2 aia|, aia 3 = -aa/2 + /?i,3aia|, 

where /^j G /c. Via (ai,a2,a 3 ) 1— > (ai + ,91,103/2,02 + /3i,2a 3 ,a 3 + /3i ;3 a 2 ), we obtain 
(3 X1 = (3 12 = (3 13 = in Relations (4.3.4.1). 

Let 0203 = Hiaia 3 , a 3 = n 2 aia 3 . The transformation (a2,a 3 ) 1— > (a2+/iiai, a^-\-^ 2 a\/2) 
does not affect Relations (4.3.4.1), thus we can assume {i\ = ji 2 = 0. 

We also have relations 

didj = aljdl + ajjal + a^^a^ + pij^aj, i > 1, j > 4, 

where Pij,a^j G k, f3 i: j = f3 j: i G /c, a^. = a^. Via a-,- h-> a-,- - 2a{ J ai + Aja 2 + a 3 5j a 3 - 
l3 2 ,ja 2 a^/2-2a\ j ai + a 3)J a 2 +,3 3 ,jaia 3 , we can assume a\j = fiij = ot\ j = f3 2 j = a\j = 

<4,j hi <»• 

Since = (ciiah)cij = (ahCij)ai = a\ jaia 3 , h = 1, 2, 3, we obtain a\ ■ = a: 2 ^- = a| ■ = 0. 
Since = (aiG^a.,- = (aicij)a 2 = — 2a\ ,0103, it follows af ■ = 0. Since = (a 2 as)aj = 
{a^aj)a 2 = —2a\^aia 3 , we obtain ol\ j = 0. Thus didj = 0, % = 1, 2, 3, j > 4. 

It follows that = (aiai)aj = (aiaj)ai = afjaia 2 , = (a 2 ai)cij = (aiCLj)a 2 = 
-2af jaial : , = (a 3 a;)aj = (aiaj)a 3 = -2a| ;J aia3, thus a^a,- = f3i^a\a% i,j > 4. 
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Again let y := y + Ya=i Vi a i + Vn+ia 2 + y n + 2 a\ + Vn+^a^ + y n ^a x a\ G Soc(A), 
yh G k. Then the conditions a^y = 0, j = 1, . . . , n, become 

' yoai - ?/3a|/2 + y n+2 aial = 0, 
2/0^2 + 2/2^1 + ?/3fl2«3 - 2y n+3 aia§ = 0, 
y a3 - 2yia^/2 + 2/202^3 + 2/383 ~ 2y n+1 a 1 aj = 0, 

, yoaj + (Er=4 J/tA,j) «i a l = °> i > 4 

and we deduce as in the previous cases that we can make a linear change on 04, . . . , a n in 
such a way that 

(4.3.4.2) ctiCij = Sija^l, i,j > 4. 

Combining Equalities (4.3.4.1) and (4.3.4.2) we obtain 

a r-j a6,0 _ 7 r i // 2 r, ,2 3 2 2 2n 

/i — J± 3 , c :— K[Xi, . . . , X n J/ ^Xj, X\X 2l ZX1X3 + X 2l £3, X 2 X 3 , XiXj, X h — XiX 3 j i<i<j<n, 4<j . 

' ' 4<h<ra 

When n = 3, the ideal defining A n ' 3 g is generated by the 4x4 pfaffians of 











-2x 3 


X\ 


~^2\ 








-x 2 





Xi 




2x 3 


x 2 













-X! 











2 
x 3 


V 


X 2 


-Xi 





9 

x 3 


/ 



4.3.5. The cases D* , F, F* , 67, i", /*. The cases corresponding to the nets D*, I* 
and F cannot occur. Indeed in these cases our Relations (4.1) become aia 3 , 0203,(13 + 
2pa 1 a 2 + qaj G 9tt 3 where (p,q) = (1, 0)(0, 0), (0, 1) in cases D* , E* and F respectively. In 
particular 9Jt 2 = (a\ , a 2 ., aia 2 ). Thus 

= aia 3 = a 2 a3 = a2a 3 = a 3 = 0. 

Since also 

a s aj = a 3ij al + ct\ 3 a\ + a 3 3J al + 73,^, j > 4, 

where 73 ^ G 9Jt 3 , a$ ■ G fc, we conclude that a§ G Soc(A) \ SOT 3 . 

The case corresponding to the net F* cannot occur. Indeed in this case our Relations 
(4.1) become a\ , a±a 2 , a\ + a§ G 9Jt 3 . In particular 9J1 2 = (a 2 ., 0203, aia 3 ). Thus 

2 2 2 2 

0^(13 = a\a 2 = aia 2 a 3 = a±a 2 + aia 3 = 0. 

Since also 

a 3 aj = ot\^a\ + alja 2 a 3 + al tj aia 3 + 73, j, j > 4. 
where 73 ^ G 9Jt 3 , CK3 ■ G fc, we conclude that 0,10,3 G Soc(A) \ 9Jt 3 . 
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The case corresponding to the net G cannot occur. Indeed in this case Relations (4.1) 
become a\ , a\, 0203 G 9R 3 . In particular 2K 2 = (a|, 0,10,3, 0102). Thus 

a 1 a2 = a\a 2 = 010202, = 02a s = 0. 

Since we have 

o\Oj = a\ja\ + al jOxOs + a\ jOi02 + 7i,j, j > 4. 

where 71 j G 9Jt 3 , G fc, we infer 0102 G Soc(A) \ 9Jt 3 . 

The case corresponding to the net I cannot occur. Indeed in this case Relations (4.1) 
become a\,a\a2,a\ G 9Jt 3 . In particular 9Jt 2 = (0,3,0103,0203). Thus 

3 2 2 2 3 2 

a! = a 1 a2 = 0^03 = a\a 2 = aia2a3 = a 2 = a 2 a3 = 0. 

Changing possibly 03 in 03 + ua2 + va\ we can always assume that 97t 3 = (a 3 ). Let 
ahal = Xhol, h = 1,2. We have 

a 3 aj = alja^ + alja 2 a 3 + a\^a\ + 71,^3, j > 4. 

where 73 j, 0C3 ■ G fc. Via 04 1— > 04 + ct^ai + 0:3-02 + 03,03 + Pi,jO>3, we can also assume 
a 3 a 4 = 0. Thus if (Ai, A 2 ) ^ (0, 0), then A 2 a 2 a 3 - Aiaia 3 G Soc(A) \ 9J1 3 . If Ai = A 2 = 0, 
then aia 3 G Soc(A) \ 9Jt 3 . 

We conclude the section with the following 

h a 2 

Proposition 4.4. The algebras A n '^ n+3 are pairwise non-isomorphic for h = 1, . . . , 6. 
Proof. For each h we define l\ as the ideal generated by 

{ u e g r(A h n ^ n+3 ) 1 u 2 = o}nm/m 2 . 

Using our representation for A^' 3n+3 , one checks that l\ = (x±, . . . ,x n ) C gr(A^'3 n+3 ), 
thus gr(^; n+3 )// 2 = gr(4r 8 2 )' 

if ll yll 111 t/ 12 

An isomorphism ip: A n 3 n+3 — > A n 3 ' n +3 yelds a graded isomorphism gr(A n 3 n+3 ) — > 

gr(^4 n 3 )n+3 ). We have, trivially, = -^"> hence an isomorphism gr(A 32 ' g ) — > 

gr(A 32 ' g Q ). Since A 3 f 8 is actually graded, it follows A 3 2° 8 — gr(A^ a 8 ), hence we in- 
fo' a /2 h" a/ /2 

fer the existence of a graded isomorphism A 32 ' g — > A g2 g induced by the original 
isomorphism -0. We thus conclude that it suffices to prove the statement in the particular 
case n = 3. 

Notice that ^4 3 2°g , h > 4, is not a complete intersection, thus it cannot be isomorphic to 

A 3 2° 8 , h < 3. Let AgVg — #2, and A 32 ' g a = k[x\, X2, x^/I'. Then -0 finally 

induces an automorphism i/jq of k[x\, X2, X3] such that ipo(I') = I" , thus the corresponding 
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nets of conies, which are generated by the generators of degree 2 of the ideals I' and I" , 
must be projectively equivalent, hence they have isomorphic discriminant curves. 

1 a 2 

First we examine the more delicate case A 3 ' 2 8 , a E k. We already noticed above that 
the discriminant curves of the corresponding nets must be isomorphic, hence they must 
have the same j-invariant or, if singular, the same kind of singular point. 

In our case the net is generated by 

x\X2 + x\ = 0, X1X3 =0, x\ — Apx\ + x\ + 2px\X2 = 0, 

(here we modified the last generator of the net in order to obtain a cubic in Weierstrass 
form as discriminant of the net, setting a = 6p, p G k) thus its discriminant curve A has 
equation 

A 2 A 2 = (Aq + 4pA A 2 + 4(p 2 - l)A|)(4pA 2 - A ), 

which is singular if and only if a = ±1/3 and, in this case, it carries a node. 
In all the remaining cases its j-invariant is 

. (A)= 27 P m- P r 



(1- V) 2 



We recall that, once we fix the discriminant curve A of the net, there are exactly three 
nets of conies with discriminant curve A (e.g. see [Be], Chapter VI). They correspond to 
the three non-trivial theta-characteristics on A. In our case there are exactly six possible 
values of p corresponding to the same j-invariant for A and we have already checked that 
we can identify the two cases ±p (see Section 3.2.2). Thus we have exactly three possible 
values of p giving rise to possible non-isomorphic nets of conies for a fixed j-invariant. 
We conclude that such values actually correspond to non isomorphic nets of conies, thus 
to non-isomorphic /c-algebras. 

In a similar way, looking at the discriminant of the net (which are listed in Table 1 of 

h a 2 

[Wa]), one checks that A^ a s are pairwise non-isomorphic for either h < 3 or h > 4. □ 



h a 2 

Remark 4-5- We look for the deformations of the /c-algebras A n3n+3 . We define the 
following ideals in k[b, xi, . . . , x n ]: 

1 cx / 2 2 2 2 2 3 2 i, 3\ 

J 5 I = \X\ X2 ~t~ X^^ X\X^^ X^ CXX^ ~~\~ X ? X jX j , X X^^ X n vX n X^J i<i<j<n, 4<j, 

4< h < n — 1 

J ' := (x 1 , x 2 , x 3 + 2xix 2 , XiXj, x h — X1X2X3, x n — bx n — X1X2X3) i<i<j< n , 4<j , 

4<h<n— 1 

r3,0 



J ' := (x 1: x 2 , £ 3 , XiXj 7 x h — x n — bx 

n ^1X2X3^) l<i<j<n, 4<j , 
4<h<n— 1 

J ' := (xj - 

^1) ^1) X{Xj, Xfo Xi, X n bx n X^) i<i<j<n , 

4 < h < n 

50/2 33 23 2 3 2 t 3\ 

4 < h < n — 1 

60/2 232 2 22 2 \ 

J ' I — — \X ^ ; X\X ( 2 I ^ ( 2iX\X'^ ~\~ X<2^ Xq^y *^2*^37 X^X j ^ X X 1*^3 7 ®*^n X\X^ji<i<j<.n, 4< 

In k[b, x\, . . . , x n ] we have 

J h ' a2 = (xi, . . . , x„_i, x„ + 6) n ( J 71 '" 2 + Or 2 )). 



4</i<ri-l 
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Notice that in J h ' a + (x^) there always is a polynomial which is 

bx n + cubic polynomial in x±, . . . , x n -\. 

With this in mind it is easy to check, case by case, that for a fixed b ^ in k, we 
have k[xi, . . . ,x n -i]/(J h ^ 2 + (x 2 n )) = A^ 13n+2 . We thus conclude that the family 
j\h,a 2 ._ fc^p^ xi, . . . ,x n ]/J^ ,a2 — > A\ is flat, it has special fibre over 6 = isomorphic to 

h a 2 h a 2 

A n3n+3 and general fibre isomorphic to A n ^ 13n+2 © A 0jl . 

5. The locus Hilb%(F%) for d < 9 

Taking into account the results of the previous sections, it is now possible to study 
the irreducibility of Hilb^(F^) and its singular locus when d < 9. The first result is the 
following 

Proposition 5.1. Let char(/c) ^2,3. If d < 9, then HUb^ (F% ) = Wlbj' 9en (F%) hence 
it is irreducible. 

Proof. Let X e Uilb^F^) be AS then X e Hilbj' 9en (F%) by Proposition 2.3. We can 
complete the proof of the above statement if we examine the case of non-AS irreducible 
schemes. 

It suffices to prove that each such X G Hilb^(F^) is a specialization of a flat family 
of schemes in 7iilb ( ^' 9en (F^). But these schemes are of the form X = spec(A) where A 
is either A Uj s, with n = 4, 5, 6, 7 and 6<n + 2<5<9orA^ 2S with h = 1, 2 and 

8<n + 4<5<9or A^f g with h = 1, . . . , 6. 

For example, A n ^ is in the flat family A n) d (see Remark 2.9). Its general member is 
A Uj s-i © A ^i (when char(/c) > 2) which is in Hilb^ ,gen (F^) due to the argument above. 
The same argument for A^ 2 s with families 2 $, h = 1, 2, defined in Remark 3.4 (when 

char(/c) > 4 > lev(A^ 2 s ) = d — n — 1) and for with families A^g, h = 1, . . . , 6, 

defined in Remark 4.5 (when char(/c) > 3), completes the proof. □ 

Remark 5.2. When d < 7 the above result is classically known. Indeed, in this case, 
HilbdiF^) is irreducible (see e.g. [Ma2]: see also [C-E-V-V]), hence the same is true for 
the open dense subset Uilb^{¥^). 

It is proved in [C-E-V-V] that Hilbg(F£) is again irreducible if A < 3 and it consists 
of two distinct components if N > 4. In this case, beside the component 7ii/6g 6n (P^), 
containing all the points representing smooth schemes, there is another component. Its 
points represent irreducible schemes X = spec(A), where A is a local and Artinian k- 
algebra with H(A) = (1, 4, 3), thus X £ Hilbg(F^) which again turns out to be irreducible. 

Now we examine Sing(W»Z&jf (Pj^ )). To this purpose we will make use of Equality (2.2) 
and the comments after it. 

Let X = UiLi X\ where is irreducible of degree 5i. We already checked that if X is 
AS, then it is unobstructed by Proposition 2.3. 

Now assume that X contains a component Y = spec(A) where A is either A Uj g, with 
n = 4, 5, 6, 7 and 6 < n + 2 < 5 < 9 or A h n 2 & with h = 1, 2 and 8 < n + 4 < 9. 
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In the first case Y can be deformed in Hilb s (F%) to Y := spec(A n)n+2 ©A®^" n " 2 ) (when 
char(/c) > 2). Due to Theorem 3.5 of [C-N], we have 

(5.3) h° (y, A/V|A™) > {H + 2)3 ~ 7{H + 2) + n(* - n - 2) 

hence /i° (Y, J\fy\A n ) > ^ n f° r each n > 4. The same argument for 2 5 with the families 
2 /i = 1,2, yields the obstructedness of Y in the second case. 
The above discussion proves the following 

Proposition 5.4. Let char(/c) ^2,3. If d < 8, then X e Hilb^(F^) is obstructed if and 
only if it represents a non-AS scheme. □ 

The picture in the case d = 9. In this case we have to examine the case of schemes 

h 2 

X := spec(A) where A = A 4 'g 9 with h = 1, . . . , 6. Such algebras are flat specialization 
of A^2* 8 with h = 1, . . . , 6 which are unobstructed being AS. Thus we cannot prove (or 
disprove) that they are obstructed following the above method. 

To this purpose we will compute directly h (X,J\fx) using Equation (2.2) applied to a 
suitable embedding ICP[. We recall the following (see [Sch], Lemma (4.2)) 

Proposition 5.5. Let X be a Gorenstein scheme of dimension and degree d. Then there 
exists a non-degenerate embedding i: X <—> PJ? _2 as aG subscheme. In particular we have 
a resolution 

(5.5.1) — ► S(-d) — ► S(-d + 2) 0/3d - 3 — ► ► 5(-2)® ft — > S — > S x — > 

where S := k[xo, ■ ■ ■ , Xd-2] and 

h{d-2-h)f d \ , , 

Moreover if j:X P^ -2 is another embedding whose image is non-degenerate and aG 
then there exists (p G PGL^-i such that <p oi = j . □ 

We are now able to deal with the singular locus of TCilbg '' Obstructed schemes 
X e Hilb%(F%) =Hilbf 9& 

l (^k) are necessarily non-AS due to Proposition 2.3, thus they 
must contain a component isomorphic to either spec(A nj g) or spec(A^ 2 s ), or spec^^'g 9 ). 
As in the proof of Proposition 5.2 it is easy to check that in the first two cases we have 

h 2 

obstructed schemes as soon as n > 4. We examine now the third case, i.e. X = spec(A 4 '3 9 ). 
Since the obstructedness of X does not depend on the embedding, we can consider the 
non-degenerate aG embedding i: X P£ of Proposition 5.5. Thus we can view at X as 
point in Hilb 9 ' 9en (p£) which has dimension 63. 

Splitting the sheafification of Sequence (5.5.1) into short exact sequences and taking 
their cohomology, we have H°{X,Ox{t)) = t$x for t > 2, where t Sx is the component 
of degree t of Sx- Thus, dualizing the sheafification of Sequence (5.4.1) tensorized by Ox 
and taking the associated cohomology exact sequence, we finally obtain 



— H Q (XMx K ) — 2ST — sST 2 
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which allows us to compute h Q {X,Nx) very easily, once that the matrix of S(— 3)®^ 2 — > 
S(—2)® fBl is known. With this idea, using the computer software Macaulay (see [B-S]), 
we obtain that h°(X,Af x \wl) = 68 if h = 4, 5, 6 and h° (X, M x \*l) = 63 if either h = 1,2 
or h = 1 and a = 2 (which is the unique value of a such that the net generated by the 
three conies x±X2 + x\, x\Xz, x\ — ax\ + x\ has singular discriminant curve). 

Since the set of a G k such that spec(A 4 '3 9 ) e 7Yz/6 9 (P^) is obstructed is close, we 
conclude we the following partial result 

Proposition 5.6. Let char(/c) ^ 2, 3 and X e Hilbf(F%). If X spec^Jgg), t/ien t/ie 

1 a 2 

set of a E k such that X is obstructed is finite. If X ^ spec(A 4 ' 3 9 ), then it is obstructed 
if and only if it contains an irreducible component isomorphic to either spec(A nj $) or 

spec(A^ 2 s ), where n > 4, or spec^^g), where h = 4, 5, 6. □ 

Remark 5.7. The proof of Proposition 5.4 can be easily generalized to prove that the 
closure in Hilb d (P£) of the locus H n ,d of schemes isomorphic to spec(A n)n _|_ 2 © A®^~ n ~ 2 ) 
is always contained in Smg(7iilb d (P^)) for n > 4. 

h a 2 

On one hand, this means also that the schemes spec(A 4 '^ 9 ), h < 3 are not in H^ g. On 
the other hand, let us take X e and embed it in P£ as non-degenerate aG subscheme. 
Then Equations (2.2) and (5.3) easily yield h°(X,Af x \P 7 ) > 68, thus we cannot exclude 

h a 2 

that spec(A 4 '3 9 ) e #4,9, h = 4, 5, 6. 

Indeed this is actually the case for ft = 4. To prove this consider the ideal J C 
xi, . . . , x n ] 

3 233 23 2 21\ 

i — — \X>2 bx-^ x-^, x-^ bx^ ^z^j, bx-^ *^i) i<*<j<™ 

; : ■ 

= (xi + 6, X2, • • • , x n ) n {x\ — bx\, x\ — 6x3, XjXj, — bx\) i<i<j< n . 

4<h<n 

Thus A := k[b,xi, . . . , x n ]/J — > A^ is a flat family having special fibre over 6 = isomor- 
phic to A n ' 3 n+3 and general fibre isomorphic to -A^ 2,n+2 © Thus, for each n > 3, we 

have X := spec^'^n+s) e #4,n+3- 

It is then natural to state the following 

Conjecture 5.7.1. Smg(Hilb d > 9en (F% )) = H 44 for each d. 
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